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UNIQUENESS OF THE FOURIER TRANSFORM ON THE
EUCLIDEAN MOTION GROUP
A. CHATTOPADHYAY, D.K. GIRI AND R.K. SRIVASTAVA
Dedicated to Prof. Gadadhar Misra on the occasion of his 60th birthday.
Abstract. In this article, we prove that if the Fourier transform of a
certain integrable function on the Euclidean motion group is of finite rank,
then the function has to vanish identically. Further, we explore a new
variance of the uncertainty principle, the Heisenberg uniqueness pairs on
the Euclidean motion group as well as on the product group Rn×K, where
K is a compact group.
1. Introduction
In a fundamental article, M. Benedicks [4] had generalized the Euclidean
Paley-Wiener theorem to the class of integrable functions. That is, support of
an integrable function f on Rn and its Fourier transform fˆ both cannot be of
finite measure simultaneously.
Thereafter, a series of analogous results to the Benedicks theorem and re-
lated problems had been explored in various set ups, including the Heisenberg
group and the Euclidean motion groups (see [18–24]). In particular, Narayanan
and Ratnakumar [18] had worked out an analogous result to the Benedicks the-
orem for the partial compactly supported functions on the Heisenberg group
in terms of the finite rank of Fourier transform of the function. Further, in
a recent article [34], Vemuri has relaxed the compact support condition on
the function by the finite support. Since the group Fourier transform on the
Heisenberg group is operator valued, the latter result seems close to the clas-
sical Benedicks theorem. However, it would be a good question to consider
the case when the spectrum of the Fourier transform of an integrable function
would be supported on a thin uncountable set.
In the path-breaking article [11], a major variation of the uncertainty prin-
ciple has been observed by Hedenmalm and Montes-Rodr´ıguez, in terms of
the measures supported on the curves. If the Fourier transform of a finitely
supported Borel measure vanishes on a thin set, then the measure can be
determined.
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In the article [11], Hedenmalm and Montes-Rodr´ıguez have shown that the
pair (hyperbola, some discrete set) is a Heisenberg uniqueness pair. As a dual
problem, a weak∗ dense subspace of L∞(R) has been constructed to solve the
Klein-Gordon equation. Further, in the same article, a complete characteriza-
tion of the Heisenberg uniqueness pairs corresponding to any two parallel lines
has been established.
Let Γ be a finite disjoint union of smooth curves in R2. Let X(Γ) be the
space of all finite complex-valued Borel measure µ in R2 which is supported
on Γ and absolutely continuous with respect to the arc length measure on Γ.
The Fourier transform of µ is defined by
µˆ(ξ, η) =
∫
Γ
e−ipi(x·ξ+y·η)dµ(x, y),
where (ξ, η) ∈ R2. Let Λ be a set in R2. The pair (Γ,Λ) is called a Heisenberg
uniqueness pair for X(Γ) if any µ ∈ X(Γ) satisfies µˆ|Λ = 0, implies µ is
identically zero. For more details, we refer the article [11].
Now, we state the main result on the Heisenberg uniqueness pairs due to
Hedenmalm and Montes-Rodr´ıguez [11].
Theorem 1.1. [11] Let Γ be the hyperbola x1x2 = 1 and Λα,β a lattice-cross
defined by
Λα,β = (αZ× {0}) ∪ ({0} × βZ) ,
where α, β are positive reals. Then (Γ,Λα,β) is a Heisenberg uniqueness pair
if and only if αβ ≤ 1.
Further, the questions pertaining to Heisenberg uniqueness pair have been
studied in the plane as well as in the Euclidean spaces by several authors. We
skip writing more histories and details about the Heisenberg uniqueness pairs,
however, we would like to refer [2, 7, 9, 10, 13, 17, 25, 26, 28, 35, 36].
The question of Heisenberg uniqueness pairs in the higher dimension has
been first taken up by Gonzalez Vieli [35]. We worked out an analogous result
to Theorem 1.2 for the Euclidean motion groups.
Theorem 1.2. [35] Let Γ = Sn−1 be the unit sphere in Rn and Λ be a sphere
of radius r. Then (Γ,Λ) is a HUP if and only if J(n+2k−2)/2(r) 6= 0 for all
k ∈ Z+.
In this article, we emphasize on an analogue of the Benedicks theorem to
the Euclidean motion group M(n). We prove that if the Fourier transform of
certain integrable functions is of finite rank, then the function has to vanish
identically. Further, we explore the possibility of the Heisenberg uniqueness
pairs for the Fourier transform onM(n) as well as on the product group Rn×K.
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2. Notation and preliminaries
Euclidean motion group G = M(n) is the group of isometries of Rn that
leaves invariant the Laplacian. Since the action of the special orthogonal group
K = SO(n) defines a group of automorphisms on Rn via y 7→ ky + x, where
x ∈ Rn and k ∈ K, the groupM(n) can be identified as the semidirect product
of Rn and K. Hence the group law on G can be expressed as
(x, s) · (y, t) = (x+ sy, st) .
Since a right K-invariant function on G can be thought as a function on Rn,
we infer that the Haar measure on G can be written as dg = dxdk, where dx
and dk are the normalized Haar measures on Rn and K respectively.
Let R+ = (0,∞) and M = SO(n− 1) be the subgroup of K that fixes the
point en = (0, . . . , 0, 1). Let Mˆ be the unitary dual group ofM. Given a unitary
irreducible representation σ ∈ Mˆ realized on the Hilbert spaceHσ of dimension
dσ, we consider the space L
2(K,Cdσ×dσ) consisting of dσ×dσ complex matrices
valued functions ϕ on K such that ϕ(uk) = σ(u)ϕ(k), where u ∈ M, k ∈ K
and satisfying ∫
K
‖ϕ(k)‖2dk =
∫
K
tr(ϕ(k)∗ϕ(k))dk.
It is easy to see that L2(K,Cdσ×dσ) is a Hilbert space under the inner product
〈ϕ, ψ〉 =
∫
K
tr(ϕ(k)ψ(k)∗)dk.
For each (a, σ) ∈ R+ × Mˆ, defines a unitary representation pia,σ of G by
(2.1) pia,σ(g)(ϕ)(k) = e
−ia〈x,k·en〉ϕ(s−1k),
where ϕ ∈ L2 (K,Cdσ×dσ) . Let ϕ = (ϕ1, . . . , ϕdσ), where ϕj are the column
vectors of ϕ. Then ϕj(uk) = σ(u)ϕj(k). Now, consider the space
H
(
K,Cdσ
)
=
{
ϕ : K → Cdσ ,
∫
K
|ϕ(k)|2dk <∞, ϕ(uk) = σ(u)ϕ(k), u ∈M
}
.
It is obvious that L2(K,Cdσ×dσ) is the direct sum of dσ copies of the Hilbert
space H(K,Cdσ) equipped with the inner product
〈ϕ, ψ〉 = dσ
∫
K
(ϕ(k), ψ(k)) dk.
Now, it can be shown that an infinite dimensional unitary irreducible repre-
sentation of G is the restriction of pia,σ to H(K,C
dσ). In other words, each of
(a, σ) ∈ R+ × Mˆ defines a principal series representation pia, σ of G via (2.1).
In addition to the principal series representations, there are finite-dimensional
unitary irreducible representations of G which can be identified with Kˆ, though
these unitary representations do not take part in the Plancherel formula. For
more details, we refer to Kumahara [15] and Sugiura [30].
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Now, we define the group Fourier transform of a function f ∈ L1(G) by
fˆ(a, σ) =
∫
G
f(g)pia, σ(g
−1)dg
and
fˆ(δ) =
∫
G
f(x, k)δ(k−1)dxdk,
where δ ∈ Kˆ. Further, the operator fˆ(a, σ) can be explicitly written as
(fˆ(a, σ)ϕ)(k) =
∫
Rn
∫
K
f(x, s)e−i〈x, ak·en〉ϕ(s−1k)dxds,
=
∫
K
F1f(ak · en, s)ϕ(s−1k)ds,(2.2)
where F1 stands for the usual Fourier transform in the first variable and ϕ ∈
H(K,Cdσ). For more details, we refer to [5, 8, 16].
Now, if f ∈ L1 ∩L2(G), then the operator fˆ(a, σ) will be a Hilbert-Schmidt
operator on H(K,Cdσ). Since the Plancherel measure µ on Gˆ can be expressed
as dµ = cna
n−1da, where cn depends only on n, the corresponding Plancheral
formula is given by
(2.3)
∫ ∞
0

∑
σ∈Mˆ
dσ‖fˆ(a, σ)‖2HS

 dµ(a) = ‖f‖22.
We would like to mention that our main result Theorem 3.1 has a close
relation with the following Wiener’s theorem on motion group due to R.
Gangolli [6]. For a function f on G, defining the two-sided translate by
g1f g2(g) = f(g1gg
−1
2 ), where gj ∈ G; j = 1, 2.
Theorem 2.1. [6] Let f ∈ L1(G) and S = span {g1f g2 : gj ∈ G; j = 1, 2}.
Then the space S is dense in L1(G) if and only if fˆ(a, σ) 6= 0 and fˆ(δ) 6= 0
for all (a, σ) ∈ R+ × Mˆ and δ ∈ Kˆ.
A close observation of Theorem 2.1 shows that if fˆ(a, σ) is a finite rank
operator, then S can be a proper subspace of L1(G). Hence, it opens a window
to look at the determining properties of fˆ .
Next, we recall certain facts about the spherical harmonics. Let KˆM denote
the set of all equivalence classes of irreducible unitary representations of K
which have a nonzeroM-fixed vector. It is well known that each representation
in KˆM has, in fact, a unique nonzero M-fixed vector, up to a scalar multiple.
For a δ ∈ KˆM , which is realized on Vδ, let {e1, . . . , edδ} be an orthonormal
basis of Vδ, with e1 as the M-fixed vector. Let ϕ
δ
ij(k) = 〈ei, δ(k)ej〉, k ∈ K.
Then by the Peter-Weyl theorem, it follows that {√dδϕδ1j : 1 ≤ j ≤ dδ, δ ∈
KˆM} is an orthonormal basis of L2(K/M).
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We would further need a concrete realization of the representations in KˆM ,
which can be done in the following way.
For l ∈ Z+, denote the set of all non-negative integers, let Pl denote the
space of all homogeneous polynomials P in n variables of degree l.
Let Hl = {P ∈ Pl : ∆P = 0}, where ∆ is the standard Laplacian on Rn.
The elements of Hl are called solid spherical harmonics of degree l. It is easy
to see that the natural action of K leaves the space Hl invariant. In fact,
the corresponding unitary representation δl is in KˆM . Moreover, KˆM can be
identified, up to unitary equivalence, with the collection {δl : l ∈ Z+}.
Define Ylj(ω) =
√
dlϕ
δl
1j(k), where ω = k · en ∈ Sn−1, k ∈ K and dl is the
dimension of Hl. Then the set H˜l = {Ylj : 1 ≤ j ≤ dl and l ∈ Z+} forms an
orthonormal basis for L2(Sn−1). Thus, a suitable function g on Sn−1 can be
expanded as
(2.4) g(ω) =
∞∑
l=0
dl∑
j=1
aljYlj(ω).
These spherical functions Ylj are called the spherical harmonics on the unit
sphere Sn−1. For more details, see [33], p. 11.
Next, we consider an orthogonality relation among the matrix coefficients
of the irreducible unitary representations in KˆM .
Lemma 2.2. For δ ∈ K̂, define φδij(k) = 〈ei, δ(k)ej〉 . Then for δ1, δ2 ∈ Kˆ,
there exists α ∈ Z+ such that
(2.5)
∫
M
φδ1ij (km)φ
δ2
lu(km)dm =
α∑
v=0
cvYv(k · en).
Proof. Since we know that the matrix coefficients of δ ∈ KˆM satisfy the func-
tional relation
(2.6) φδij(km) =
dδ∑
p=1
φδip(k)φ
δ
pj(m)
and M is a compact subgroup of K, it follows that each of δ ∈ Kˆ will be the
direct sum of finitely many irreducible unitary representations of M. Hence
each of φδpj satisfies
φδpj =
dδ,β∑
q=1
φ
δq
pj,
where δq ∈ Mˆ. Using the orthogonality of the coefficients φδqpj’s and the fact
that the left-hand side of (2.5) isM-invariant, we infer that it is a finite sum of
the product of some spherical harmonics. Further, a homogeneous polynomial
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can be uniquely decomposed in terms of homogeneous harmonics polynomials,
it follows that (2.5) holds. 
For a fixed ξ ∈ Sn−1, we define a linear functional on Hl by ξ 7→ Yl(ξ). Then
there exists a unique spherical harmonic, say Z
(l)
ξ ∈ Hl such that
(2.7) Yl(ξ) =
∫
Sn−1
Z
(l)
ξ (η)Yl(η)dσ(η).
The spherical harmonic Z
(l)
ξ is a K bi-invariant real-valued function which is
constant on the geodesics those are orthogonal to the line joining the origin
and ξ. The spherical harmonic Z
(l)
ξ is called the zonal harmonic of the space
H˜l for the above and various other peculiar reasons. For more details, see [29].
Since the zonal harmonic Z
(l)
ξ (η) is K bi-invariant, there exists a reasonable
function F on (−1, 1) such that Z(l)ξ (η) = F (ξ · η). Hence, the extension of the
formula (2.7) is inevitable. For F ∈ L1(−1, 1), the Funk-Hecke identity is
(2.8)
∫
Sn−1
F (ξ · η)Yl(η)dσ(η) = clYl(ξ),
where the constant cl is given by
cl = αl
∫ 1
−1
F (t)G
n−2
2
l (t)(1− t2)
n−3
2 dt
and Gβl stands for the Gegenbauer polynomial of order β and degree l.
Further, using the Funk-Hecke identity, it can be shown that
(2.9)
∫
Sn−1
e−ix·ηYj(η)dσ(η) = i
j Jj+(n−2)/2(r)
r(n−2)/2
Yj(ξ),
whenever Yj ∈ H˜l. For a proof of the identity (2.9), we refer [1], p. 464.
Let f be a function in L1(Sn−1). For each l ∈ Z+, we define the lth spherical
harmonic projection of the function f by
(2.10) Πlf(ξ) =
∫
Sn−1
Z
(l)
ξ (η)f(η)dσ(η).
Then Πlf is a spherical harmonic of degree k. Now, for δ > (n − 2)/2, if we
denote Apl =
(
p−l+δ
δ
)(
p+δ
δ
)−1
, then the spherical harmonic expansion
∞∑
l=0
Πlf is
δ- Cesaro summable to f. In other words,
(2.11) f = lim
p→∞
p∑
l=0
AplΠlf,
where the limit on the right-hand side of (2.11) exists in L1 (Sn−1) . For more
details, we refer to [14, 27].
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3. Uniqueness results for the Fourier transform on G
In this section, we work out some of the uniqueness results for the Fourier
transform on the motion group G as an analogue to the Benedick’s theorem.
We prove that if the Fourier transform of the function f ∈ L1 ∩ L2(G) is a
finite rank operator on H(K,Cdσ), then the function has to vanish identically.
Theorem 3.1. Let f ∈ L1∩L2(G) be such that fˆ(a, σ) is a finite rank operator
for each a > 0 and some σ ∈ Mˆ. Then f = 0 if and only if fˆ(δ) 6= 0 except
for finitely many δ ∈ Kˆ.
Proof. Let h = f ∗ f ∗, where f ∗(g) = f(g−1). Then it can be shown that
hˆ(a, σ) = fˆ(a, σ)∗fˆ(a, σ), (see [30], p. 170). Hence hˆ(a, σ) is a positive, finite
rank operator on H(K,Cdσ). By the spectral theorem, it follows that
(3.1) hˆ(a, σ)ϕ =
m∑
j=1
λj 〈ϕ, ϕj〉ϕj,
where the set {ϕj ∈ H(K,Cdσ) : j = 1, . . . , m} forms an orthonormal basis for
the range space of hˆ(a, σ) which satisfies hˆ(a, σ)ϕj = λjϕj with λj ≥ 0. Let
ϕj = (ϕj,1, . . . , ϕj,dσ) . Then in view of (2.2), we can express
(3.2)
∫
K
F1h(ak · en, s)ϕj,q(s−1k)ds = λjϕj,q(k),
where q ∈ {1, . . . , dσ}. Since h ∈ L1(G), we can write the spherical harmonic
decomposition of h in the first variable x = |x|t, t ∈ Sn−1 as
(3.3) h(x, s) = lim
p→∞
p∑
l=0
Apl hl(|x|, s)Πlh(t, s),
where the series on the right-hand side is δ- Cesaro summable. Now, by the
Hecke-Bochner identity, we obtain
(3.4) F1 (hl(., s)Πlh(., s)) (aω) = i−lal(Fn+2lHl)(a, s)Πlh(t, s),
where Fn+2l is the (n+2l)-dimensional Fourier transform of Hl = hl|x|l . In view
of (3.3) and (3.4), we can rewrite (3.2) as∫
K
lim
p→∞
p∑
l=0
Apl i
−lal(Fn+2lHl)(a, s)Πlh(t, s)ϕj,q(s−1k)ds = λjϕj,q(k)
By using the orthogonality relations of the spherical harmonics, we infer that
(3.5)
∫
K
(Fn+2lHl)(a, s)ϕj,q(s−1k)ds =
{
λj,qϕj,q(k), if l = 0
0, if l 6= 0.
Let Ga(s) = Fnho(a, s). Then from (3.5), it follows that
(3.6) Ga ∗ ϕj,q = λjϕj,q.
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For a function φ ∈ L1(K) and δ ∈ Kˆ, define φδ = φ ∗ χδ, where χδ is the
character of the representation δ. Then φδ is class function and hence
φ̂δ(η) =
1
dη
〈
φδ, χη
〉
I =
1
dη
〈φ, χδ〉 〈χδ, χη〉 I.
Thus, from (3.6) we get
(3.7) ϕ̂δj,q(δ)
(
Ĝδa(δ)− λj
)
= 0.
Then Ĝδa(δ) = λj , for finitely many δ ∈ Kˆ, otherwise, by the Riemann-
Lebesgue lemma, it follows that λj = 0, whenever j = 1, . . . , m. Hence from
(3.1) we get hˆ(a, σ) = 0. In view of (2.2), we infer that F1h(ak · en, s) = 0
for almost all s, k ∈ K and all a > 0. This, in turn, by the uniqueness of the
Fourier transform F1, it follows that h = 0. Since h = f ∗ f ∗ is continuous, we
can write h(o) = ||f ||22. Thus, f = 0.
Now, we need to resolve the case when Ĝδa(δ) = λj 6= 0 for the only finitely
many δ ∈ Kˆ. Thus, each of ϕj,q is a trigonometric polynomial in L2(K).
By trigonometric polynomial we mean a finite linear combination of matrix
coefficients ϕδij.
Notice that, δ and j are independent and the the fact that all of λj cannot be
zero simultaneously, it follows that λj’s are equal. Since ϕj,q is a trigonometric
polynomial, pia,σ(g)hˆ(a, σ) will be a trace class operator on H(K,C
dσ).
Let ψδlu =
√
dδφ
δ
lu denotes the matrix coefficients of δ ∈ Kˆ. Then by the
Peter-Weyl theorem, the set {ψδlu : 1 ≤ l, u ≤ dδ, δ ∈ Kˆ} forms an orthonormal
basis for L2(K). Let {τν : ν ∈ N} be an orthonormal basis forH(K,Cdσ). Then
tr
(
pia,σ(x, s)hˆ(a, σ)
)
=
∑
ν∈N
〈
pia,σ(x, s)hˆ(a, σ)τν , τν
〉
=
∑
ν∈N
m∑
j=1
λ 〈τν , ϕj〉 〈pia,σ(x, s)ϕj , τν〉
=
∑
ν∈N
m∑
j=1
αj
dσ∑
q=1
∫
K
e−i〈x,ak·en〉ϕj,q(s
−1k)τν,q(k)dk,(3.8)
where αj = λdσ 〈τν , ϕj〉 . Since ϕj,q is a trigonometric polynomial, there exists
a finite set Fo in Kˆ such that
(3.9) ϕj,q =
∑
δ∈Fo
dδ∑
l,u=1
cδluψ
δ
lu,
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where cδlu’s are constant. Now, in view of (2.6), we can express
ψδlu(s
−1k) =
dδ∑
p=1
ψδlp(s
−1)ψδpu(k).
On the other hand, since τν,q ∈ L2(K), by the Peter-Weyl theorem, we get
(3.10) τν,q =
∑
δ∈Kˆ
dδ∑
ξ,η=1
κδξηψ
δ
ξη,
where κδξη’s are constants. In view of the fact that e
−i〈x,ak·en〉 is anM-invariant
function, the followings identities hold.∫
K
e−i〈x,ak·en〉ψδpu(k)ψ
δ
ξη(k)dk =
∫
M
∫
K
e−i〈x,a km·en〉ψδpu(k)ψ
δ
ξη(k)dkdm
=
∫
K
e−i〈x,ak·en〉
∫
M
ψδpu(km
−1)ψδξη(km
−1)dmdk.
By using Lemma 2.2 and the Funk-Hecke identity, we infer that∫
K
e−i〈x,ak·en〉ψδpu(k)ψ
δ
ξη(k)dk =
β∑
j=0
cj
∫
K
e−i〈x,ak·en〉Yj(k · en)dk
=
β∑
j=0
c′jφj(a|x|)Yj(ω)
where x = |x|ω, ω ∈ Sn−1 and φj(a|x|) =
Jj+(n−2)/2(a|x|)
(a|x|)(n−2)/2 . Now, in view of the
Fourier inversion formula ( [30], p. 175) for function in L2(M(2)), an inversion
formula for the function h ∈ L2(M(n)) can be deduced in a similar way and
hence we omit its proof here. Thus, the function h can be recovered at (x, s)
by
h(x, s) = cn
∑
σ∈Mˆ
∫ ∞
0
tr
(
pia,σ(g)hˆ(a, σ)
)
an−1da,
Since Jj+(n−2)/2(a|x|) ≈ (a|x|)−1/2 as |x| → ∞, (see [31], p. 15), it follows
that φj ∈ Lp(Rn) if and only if p > 2nn−1 . This contradicts the hypothesis that
h ∈ L1(G) and hence h = 0. 
Remark 3.2. We would like to mention the necessity of the non-vanishing of
the Fourier coefficients in Theorem 3.1. Since M(2) is the semidirect product
of R2 and SO(2), each of a ∈ R+ defines a unitary irreducible representation
pia of M(2) on L2([0, 2pi]). In other words, for (x, θ) ∈ R2 × [0, 2pi], the action
of pia can be realized by
(pia(x, θ)ϕ)(ω) = e−i〈x,aeiω〉ϕ(ω − θ),
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where ϕ ∈ L2([0, 2pi]). For g ∈ L1(R2), consider f(x, θ) = g(x)einθ. Then
(fˆ(a)ϕ)(ω) =
∫
R2
∫ 2pi
0
f(x, θ)e−i〈x,aeiω〉ϕ(ω − θ)dxdθ = gˆ(aeiω)ϕ(ω).
Hence we infer that, if the Fourier coefficients
δn(f) =
∫
M(2)
f(x, θ)einθdxdθ 6= 0
for finitely many n ∈ Z, then fˆ(a) is a finite rank operator, however, f need
not be the zero function.
Next, we prove a uniqueness result for the Fourier transform on G which
has a sharp contrast with the Benidicks theorem. That is, the group Fourier
transform of a non-zero bounded Borel measurable function in L1(G) can not
be compactly supported in (0,∞).
In order to prove this result, we need the following result from [3]. Let Rn+ =
{(x1, . . . , xn) ∈ Rn : xj ≥ 0; j = 1, . . . , n} . The following result had appeared
in the article [3] by Bagchi and Sitaram, p. 421, as a part of the proof of
Proposition 2.1.
Proposition 3.3. [3] Let h be a non-zero bounded Borel measurable function
which is supported on Rn+. Then supp hˆ = R
n.
Theorem 3.4. Let f ∈ L1(G) be a bounded Borel measurable function and
supported away from the origin in the first variable. If fˆ(., σ) is compactly
supported in R+, then f = 0.
Proof. Suppose f is a radial function in the first variable. Then F1f(., s) will
be radial and hence
(3.11) (fˆ(a, σ)ϕ)(k) =
∫
K
F1f(a, s)ϕ(s−1k)ds,
where ϕ ∈ H(K,Cdσ). Since fˆ(., σ) is compactly supported in R+, it follows
from (3.11) that F1f(., s) is compactly supported in R+, for almost all s ∈ K.
This, in turn, contradicts Proposition 3.3. Thus, we conclude that f = 0.
Since f ∈ L1(G), in view of (2.11), we can write the spherical harmonic
decomposition of f in the first variable x = |x|t, t ∈ Sn−1 as
(3.12) f(x, s) = lim
p→∞
p∑
l=0
Apl fl(|x|, s)Πlf(t, s),
where the series on the right-hand side is δ-Cesaro summable. Now, an appli-
cation of the Hecke-Bochner identity to (3.11) yields
(fˆ(a, σ)ϕ)(k) =
∫
K
lim
p→∞
p∑
l=0
Apl i
−lalFn+2lHl(a, s)Πlf(t, s)ϕ(s−1k)ds,
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where Fn+2l is the (n + 2l)-dimensional Fourier transform of Hl = fl|x|l . Since
fˆ is compactly supported, it follows that
(3.13) lim
p→∞
p∑
l=0
Apl i
−lalFn+2lHl(a, s)Πlf(t, s) = 0.
We know that the set {Πlf(·, s) : l ∈ Z+} form an orthogonal set in L2(Sn−1),
from (3.13), it is easy to see that
F2+2lHl(a, s) ‖Πlf(., s)‖22 = 0.
Since f is supported away from the origin in the first variable, Hl must be a
bounded Borel measurable function. If F2+2lHl(a, s) = 0, then by the radial
case, we infer that Hl = 0. Otherwise, ‖Πlf(., s)‖2 = 0. Thus, it follows from
(3.12) that f = 0. 
Further, we prove that a radial function on G can be determined by its
Fourier transform at a single point.
Proposition 3.5. Let f ∈ L1(G) be a radial function in the first variable such
that sign(J0f) ≥ 0. If fˆ(ao, σ) = 0 for some ao ∈ R+ and a fixed σ ∈ Mˆ, then
f = 0.
Proof. For ϕ ∈ H(K,Cdσ), we have
(fˆ(ao, σ)ϕ)(k) =
∫
K
F1f(ao, s)ϕ(s−1k)ds.
By the hypothesis, fˆ(ao, σ)ϕ = 0, it follows that F1f(ao, .) = 0. Hence
F1f(ao, s) =
∫ ∞
0
∫
Sn−1
f(|tω|, s)e−iaop·tωdωtn−1dt
=
∫ ∞
0
J0(aot)f(t, s)t
n−1dt = 0.
Since sign(J0f) ≥ 0 and the Bessel function J0 can vanish only at the countably
many points, we conclude that f = 0. 
4. Some auxiliary results on compact group
In this section, we observe some of the properties of a Weyl type transform
on the space L1(K) as analogous to the Weyl transform on the Heisenberg
group, (see [32]). We use it to work out some uniqueness results for the
Fourier transform on the motion group G.
Let K be a compact group. For a function g ∈ L1(K), we define an operator
W on H(K,Cdσ) by
W (g) =
∫
K
g(t)pi(t)dt,
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where pi is the left regular representation of K. Then W (g) maps H(K,Cdσ)
into H(K,Cdσ). Now, we derive the Plancheral formula and the Fourier inver-
sion formula for the transform W.
Plancherel formula. For g ∈ L2(K) and ϕ ∈ H(K,Cdσ), we have
(W (g)ϕ)(k) =
∫
K
g(t)(pi(t)ϕ)(k)dt =
∫
K
g(t)ϕ(t−1k)dt
=
∫
K
g(s−1k)ϕ(s)ds.
Write Kg(s, k) = g(s−1k). Then W (g) is an integral operator with the kernel
Kg ∈ L2(K ×K). Hence W (g) is a Hilbert-Schmidt operator that satisfying
‖(W (g)‖2HS =
∫
K×K
|Kg(s, k)|2 dsdk =
∫
K×K
∣∣g(s−1k)∣∣2 dsdk = ‖g‖22.
In other words,W maps L1(K) onto S2, the space of Hilbert-Schmidt operators
on H(K,Cdσ).
Next, we prove the Fourier inversion formula for the transform W.
Proposition 4.1. If g ∈ C2(K), then the transform W satisfies the inversion
formula g(t) = tr(pi(t)∗W (g)).
Proof. Given that g ∈ C2(K),
(pi(t))∗W (g) =
∫
K
g(s)(pi(t))∗pi(s)ds =
∫
K
g(s)pi(t−1)pi(s)ds
=
∫
K
gt(p)pi(p)dp = W (gt),
where gt(p) = g(tp). That is, W (g) is an integral operator with kernel Kg.
Since the kernel Kgt satisfies Kgt(s, k) = gt(s−1k), we obtain Kgt(s, s) = g(t)
and hence
tr[pi(t)∗W (g)] = tr(W (gt)) =
∫
K
Kgt(s, s)ds
=
∫
K
g(t)ds = g(t).

Further, by using the Peter-Weyl theorem, we prove that if g ∈ L1(K), then
the operator W (g) has finite rank as long as g is a trigonometric polynomial.
Proposition 4.2. Let g ∈ L1(K). Then the operator W (g) is of finite rank if
and only if g is a trigonometric polynomial on K.
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Proof. Consider the function h = g ∗ g∗, where g∗(t) = g(t−1). Now, we show
that W (h) =W (g)∗W (g). For this, we have
W (h) =
∫
K
h(t)pi(t)dt =
∫
K
(g ∗ g∗)(t)pi(t)dt
=
∫
K
∫
K
g(s)g∗(ts−1)pi(t)dtds
=
∫
K
g(s)
(∫
K
g∗(ts−1)pi(t)dt
)
ds.
By the change of variables ts−1 = p in the inner integral, we get
W (h) =
∫
K
g(s)
(∫
K
g∗(p)pi(ps)dp
)
ds
= W (g∗)W (g).
Further, we require proving W (g)∗ = W (g∗). For ϕ, ψ ∈ H(K,Cdσ), consider
〈W (g∗)ϕ, ψ〉 =
∫
K
g(t−1) 〈pi(t)ϕ, ψ〉 dt =
∫
K
g(s)
〈
pi(s−1)ϕ, ψ
〉
ds.
Since pi is the left regular representation ofK, the operator pi(s) will be unitary.
Hence
〈W (g∗)ϕ, ψ〉 =
∫
K
〈ϕ, g(s)pi(s)ψ〉 ds = 〈ϕ,W (g)ψ〉 = 〈W (g)∗ϕ, ψ〉 .
This, in turn, implies that W (h) = W (g)∗W (g) is a positive finite rank
operator. Thus, by the spectral theorem, there exists an orthonormal set
{ϕj ∈ H(K,Cdσ) : j = 1, . . . , m} and scalars λj ≥ 0 such that
(4.1) W (h)ϕ =
m∑
j=1
λj 〈ϕ, ϕj〉ϕj,
whenever ϕ ∈ H(K,Cdσ). Let ϕj = (ϕj,1, . . . , ϕj,dσ) . Then by (4.1), it follows
that h ∗ ϕj,q = λjϕj,q. By taking Fourier coefficient of both the sides, we get
ϕ̂δj,q(ĥ
δ − λj) = 0,
where δ ∈ Kˆ. Then ĥδ = λj for finitely many δ ∈ Kˆ, otherwise, by the
Riemann-Lebesgue lemma λj = 0. Hence ϕˆj,q(δ) 6= 0 at most for finitely many
δ ∈ Kˆ. Thus, by the Peter-Weyl theorem, we infer that ϕj,q is a trigonometric
polynomial. Since h = g∗ ∗ g, it follows that hˆ(δ) = |gˆ(δ)|2. Thus, from (4.1),
we conclude that g is a trigonometric polynomial.
Conversely, suppose g is a trigonometric polynomial. Then without loss of
generality, we can assume that g = ϕδij . Now, we can write
ϕδij(t
−1s) =
〈
δ(t−1s)ej , ei
〉
= 〈δ(s)ej, δ(t)ei〉 .
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Since Hδ is pi-invariant, it follows that
ϕδij(t
−1s) =
dδ∑
l=1
ϕδlj(s)ϕ
δ
li(t).
A straightforward calculation leads to W (g)ϕ(s) = dδ
〈
ϕ, ϕδij
〉
ϕδij . Thus, we
conclude that W (g) is of finite rank. 
Remark 4.3. In view of the Minkowski integral inequality, it can be easily
seen that ‖W (g)‖ ≤ ‖g‖1. Hence, the spectral radius of the operator W (g)
will satisfy the condition λ[σ(W (g))] ≤ ‖g‖1.
Next, by using Proposition 4.2, we prove that a radial function on the motion
group G can be determined by its group Fourier transform at a single point.
However, for a sake of simplicity, we prove the result for G = M(2). For
proving this result, we need the following lemma.
Lemma 4.4. Let f ∈ L1(G) be such that f(x, s) = f(|x|, s). If fˆ(ao, σ) is of
finite rank for some ao ∈ R+, then∫ ∞
0
J(aot)Ft(s)tdt =
∑
|n|≤αo
∫ ∞
0
J(aot)Fˆt(n)Yn(s)tdt,
where Ft(s) = f(t, s).
Proof. We know that for ϕ ∈ L2(K,Cdσ) we have
(fˆ(ao, σ)ϕ)(k) =
∫
Rn
∫
K
f(x, s)e−i〈x,aok〉ϕ(s−1k)dxds
=
∫
K
F1f(aok, s)ϕ(s−1k)ds.
Since f is radial in the first variable, then it follows that
(fˆ(ao, σ)ϕ)(k) = (W (F1f(ao, .))ϕ)(k).
By the hypothesis, fˆ(ao, σ) is a finite rank operator, W (F1f(ao, .)) must be
of finite rank. From Proposition 4.2, we conclude that F1f(ao, .) is a trigono-
metric polynomial. That is,
(4.2) F1f(ao, s) =
∑
|m|≤αo
Gˆao(m)χm(s),
where Gao(s) = F1f(ao, s). On the other hand, we have
F1f(ao, s) =
∫ ∞
0
∫
K
f(|tω|, s)e−iap·tωdωtdt
=
∫ ∞
0
J0(aot)f(t, s)tdt.(4.3)
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Now, we have
Gˆa(m) =
∫
K
F1f(ao, k)χ−m(k)dk
=
∫ ∞
0
J0(aot)
(∫
K
f(t, k)χ−m(k)dk
)
tdt
=
∫ ∞
0
J0(aot)Fˆt(m)tdt,
where Ft(k) = f(t, k). Hence from (4.2) we get
(4.4) F1f(ao, s) =
∑
|m|≤αo
∫ ∞
0
J0(aot)Fˆt(m)χm(s)tdt.
By comparing (4.3) with (4.4), we get the required identity. 
Remark 4.5. Notice that by taking inverse Fourier transform in both the
sides of (4.2), we can assume f is trigonometric polynomial as long as fˆ(ao, σ)
is a finite rank operator for some ao ∈ R+ and σ ∈ Mˆ.
Theorem 4.6. Let f ∈ L1(G) be a radial function in the first variable which
integrates zero in the second variable. If fˆ(ao, σ) is a finite rank operator for
some ao ∈ R+ and sign(J0f) ≥ 0, then f = 0.
Proof. In view of Remark 4.5, from Lemma 4.4 we infer that∫ ∞
0
Fˆt(o)tdt =
∫ ∞
0
f(t, s)tdt.
This, in tern, implies that∫ ∞
0
(∫
K
f(t, k)dk
)
tdt =
∫ ∞
0
f(t, s)tdt.
Since f integrates zero on K and sign(J0f) ≥ 0, we conclude that f = 0. 
5. Some results on the Heisenberg uniqueness pairs
In this section, we explore the Heisenberg uniqueness pairs for the Fourier
transform on the motion group G as well as on the product group G′ = Rn×K,
whereK is a compact group. Further, we observed a one to one correspondence
between the class of HUP’s on Rn and the class of HUP’s on G′.
Let Γ be a smooth surface (or a finite union of smooth surfaces) in Rn and
Γ′ = Γ×K. Let X(Γ′) be the space of all finite complex-valued Borel measures
µ in the motion group G which is supported on Γ′ and absolutely continuous
with respect to the surface measure on Γ′.
We define the Fourier transform of µ on G by
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(5.1) (µˆ(a, σ)ϕ)(k) =
∫
Γ
∫
K
f(x, s)e−i〈x,ak·en〉ϕ(s−1k)dµ(x)ds,
where a ∈ R+ and ϕ ∈ H(K,Cdσ).
Theorem 5.1. Let Γ′ = Sn−1 × K, where Sn−1 is the unit sphere in Rn.
Suppose µ ∈ X(Γ′) is such that µˆ(ao, σ) = 0 for some ao 6∈ J−1(n+2l−2)/2(0); ∀ l ∈
Z and σ ∈ Mˆ, then µ = 0.
Proof. Since µ is absolutely continuous with respect to the surface measure on
Γ′, by Radon-Nikodym theorem, there exists a function f ∈ L1(Γ′) such that
dµ = fdsdt. By hypothesis, we have
(µˆ(ao, σ)ϕ)(k) =
∫
Sn−1
∫
K
f(t, s)e−i〈t,aok·en〉ϕ(s−1k)dtds = 0,
whenever ϕ ∈ C(K,Cdσ). Now, by Fubini’s theorem, we can write∫
K
∫
Sn−1
f(t, s)e−i〈t,aok·en〉dtϕ(s−1k)ds =
∫
K
F1f(aok · en, s)ϕ(s−1k)ds = 0.
Hence F1f(aok ·en, s) = 0 for almost all s, k ∈ K. Since SO(n) can be identified
with Sn−1 via k → k ·en, it follows that F1f(y, s) = 0 for almost all y ∈ Sn−1ao (o)
and s ∈ K. Since we know from Theorem 1.2 that the pair (Sn−1, Sn−1ao (o)) is a
HUP as long as J(n+2l−2)/2(ao) 6= 0 for all l ∈ Z+, we conclude that µ = 0. 
Remark 5.2. Let (Γ, K) be a HUP in Rn and suppose µ ∈ X(Γ′) is such that
µˆ(ao) = 0 for some ao 6∈ J(n+2l−2)/2 and ∀ l ∈ Z+, then µ = 0.
The Haar measure on the product group G′ is given by dg = dxdk, where
dx is Lebesgue measure on Rn and dk is normalized Haar measure on K.
Since the unitary dual group of G′ can be parameterized by Gˆ′ = Rn × Kˆ, for
each (y, δ) ∈ Gˆ, the map (x, k) 7→ e−2piix·yδ(k) is a unitary operator on the
Hilbert space Hδ. Hence, we can define the Fourier transform of the function
f ∈  L1(G′) by
(5.2) fˆ(y, δ) =
∫
Rn
∫
K
f(x, k)e−2piix·yδ(k−1)dxdk.
Let Γ′ = Γ ×K, where Γ is a smooth surface (or a finite union of smooth
surfaces) in Rn. Let X(Γ′) be the space of all finite complex-valued Borel
measure µ in G′ which is supported on Γ′ and absolutely continuous with
respect to the surface measure on Γ′. Then by the Radon-Nikodym theorem,
there exists a function f ∈ L1(Γ′) such that dµ = fdνdk, where ν is the surface
measure on Γ.
Now, the Fourier transform of the measure µ can be defined by
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µˆ(y, δ) =
∫
Γ
∫
K
e−2piix·yδ(k−1)dµ(x, k)
=
∫
Γ
∫
K
f(x, k)e−2piix·yδ(k−1)dν(x)dk.(5.3)
Theorem 5.3. The pair (Γ,Λ) is a Heisenberg uniqueness pairs in Rn if and
only if (Γ′,Λ× Kˆ) is a Heisenberg uniqueness pairs in G′.
Proof. Suppose (Γ,Λ) is a Heisenberg uniqueness pair in Rn and µ ∈ X(Γ′).
Then by Fubini’s theorem, the map x 7→ f(x, k) belongs to L1(Γ, dν) for almost
all k ∈ K. Hence for (k, σ) ∈ K × Kˆ, we can define the projection fk,σ of f by
fk,σ(x) =
∫
K
f(x, kh−1)χσ(h)dh,(5.4)
where χσ = tr σ( · ), the character of the representation σ. Thus, the Euclidean
Fourier transform of the projection fk,σ gives
fˆk,σ(y) =
∫
Γ
∫
K
f(x, kh−1)e−2piix·yχσ(h)dh dν(x)
= tr
∫
Γ
∫
K
f(x, kh−1)σ(h)dh e−2piix·ydν(x)
= tr
∫
Γ
∫
K
f(x, h)σ(h−1)dh e−2piix·ydν(x)σ(k)
= tr (µˆ(y, σ)σ(k)) .(5.5)
Suppose µˆ|Λ×Kˆ = 0. Since (Γ,Λ) is a Heisenberg uniqueness pair in Rn, from
(5.5), it follows that fk,σ = 0. Hence by the uniqueness of the Fourier series
f(x, k) =
∑
σ∈Kˆ
dσfk,σ(x)
we conclude that f = 0.
Conversely, suppose (Γ′,Λ× Kˆ) is a Heisenberg uniqueness pair in G′. Then
for µ ∈ X(Γ), there exists a function f ∈ L1(Γ) such that dµ = fdν. Suppose
µˆ|Λ = 0. Then ∫
Γ
f(x)e−2piix·ydν(x) = 0
for each y ∈ Λ. This, in turn, implies
(5.6)
∫
Γ
∫
K
f(x)e−2piiy·xδ(k−1)dk dν(x) = 0.
Now, if we write dρ = fdνdk, then ρ ∈ X(Γ′). Since (Γ′,Λ×Kˆ) is a Heisenberg
uniqueness pair, by (5.6), it follows that ρ = 0. Thus, using the fact that group
compact group K is unimodular, we conclude that the measure µ = 0. 
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Concluding remarks:
We have shown that if the Fourier transform of a function in L1∩L2(M(n))
lands into the space of finite rank operators, then the function has to vanish.
However, it would be an interesting question to consider the case when the
spectrum of the group Fourier transform of a function L1(M(n)) is supported
on a thin uncountable set. We leave this question open for the time being.
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